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Abstract. In this paper we try to characterize the least area spherical catenoids 
in hyperbolic 3-space H^. 



1. Introduction 

Suppose that £ is a surface (compact or complete) and that M is a 3 -dimensional 
Riemannian manifold (compact or complete). An immersion / : £ — > M is called a 
minimal surface if its mean curvature is identically equal to zero. An introduction 
on minimal surfaces can be found in the book [7, Chapter 1]. 

In this paper, M is always the three dimensional hyperbolic space iP. For any 
immersed minimal surface £, we define the Jacobi operator on Z by 

(1.1) £ = A^ + (|A|2-2) , 

here Aj: is the Lapalican on Z and |Ap is the square norm of the second fundamental 
form on Z. 

If £ is compact with nonempty boundary, the Morse index or index of E is the 
number of negative eigenvalues of the Jacobi operator C (counting with multiplic- 
ity) acting on the space of smooth sections of the normal bundle that vanishes on 
dlL. In this case, we say that £ is stable if its Morse index is zero, or equivalently if 

(1.2) / ivzii|2> / m^-iy 

for all u G Cq{L). If £ is a complete (non-compact) minimal surface without 
boundary, then its Morse index is the supremum of the Morse indices of com- 
pact subdomains of £. In this case, it is globally stable or stable if any compact 
subdomain of £ is stable. For a complete minimal surface £ without boundary, an 
subdomain D C £ is said to be weakly stable if 

(1.3) / |Vzm|2^ / (|aP-2)m2 

Jd Jd 

for all u G Cq{D). An open subdomain D C £ is maximally weakly stable if it is 
weakly stable and any other open subdomain that is larger than D is unstable. 

If £ is a compact minimal surface, then it is least area if its area is smaller than 
that of any other surface in the same homotopic class; it is area minimizing if its 
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area is no larger than that of any surface in the same homological class. If dL ^ 0, 
we require that the other surfaces should have the same boundary as £. If £ is a 
complete minimal surface, then it is least area or area minimizing if any compact 
subdoamin of £ is least area or area minimizing. 

In [8], do Carmo and Dajczer studied three types of rotationally symmetric min- 
imal hypersurfaces in 11"+^ A rotationally symmetric minimal hypersurface is 
called a spherical catenoid if it is foliated by spheres, a hyperbolic catenoid if it is 
foliated by totally geodesic hyperplanes, and a parabolic catenoid if it is foliated 
by horospheres. 

We are interested in two dimensional catenoids in H^. Do Carmo and Dajczer 
proved that the hyperbolic and parabolic catenoids are always globally stable (see 
Is!. Theorem 5.5]), then Candel proved that the hyperbolic and parabolic catenoids 
are also least area minimal surfaces (see [6, p. 3574]). 

Compared with the hyperbolic and parabolic catenoids, the spherical catenoids 
are more complicated. Let be the upper half unit disk on the A;y-plane with 
metric given by (12.61 ). and let Ox be the catenary given by (I2.91 l. which is symmetric 
about the 3'-axis and passes through the point (0,A), here A > 0. Let Ylx be the 
spherical catenoid generated by Ox- Mori, Do Carmo and Dajczer, Berard and Sa 
Earp, and Seo proved the following result. 

Theorem 1.1 ( I[l7l l8ll4l[l8l). There exist two positive numbers K\ ^ A2 such that 
Ylx unstable ifO < A < Ai, and Tlx is globally stable ifX > A2. 

Remark 1. Do Carmo and Dajczer showed that Ai ?a 0.42315 in Seo showed 
that Ai ^ 0.46288 in JH. Mori showed that A2 = cosh" ^(3) « 1.7627 in [17]. 



Berard and Sa Earp showed that A2 = ^cosh"' V ^^v^ ^ 0.5915 in H. 



Berard and Sa Earp also provided better estimates on Ai and A2 in |[3l § 7.3.4]. 
Here we should remind the readers that the authors of the papers lIlTl |8l HH used 
the hyperboloid model, so we should use a formula given by Berard and Sa Earp 
in m p. 34] to get the above constants. 

Similar to the hyperbolic and parabolic catenoids, we want to know whether the 
globally stable spherical catenoids are least area minimal surfaces. In this paper, 
we will proved that there exists a positive number Aq such that 11^ is of leat area if 
A > Aq. More precisely, we will prove the following result. 

Theorem 1.2. There exists a number Aq ~ 1.10055 such that for any X > Aq the 
catenoid Tlx <^ least area minimal surface. 




2. Minimal Catenoids in Hyperbolic 3-Space 



In this paper, we will work in the ball model of B^, i.e., 

B^ = {(m,v,w) gM^ I M^ + v^ + w^ < 1}, 
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equipped with metric 




where r = Vm^ + + w^. The hyperbolic space has a natural compactification: 
= U 5^, where 5^ = C U {oo} is called the Riemann sphere. The orientation 
preserving isometry group of B^ is denoted by Mob(B^), which consists of Mbbius 
transformations that preserve the unit ball (see llT4l Theorem 1.7]). 

Suppose that X is a subset of B'', we define the asymptotic boundary of X by 



where X is the closure of X in H^. 

Using the above notation, we have dJB^ = Sl,. If f is a geodesic plane in B^, 
then P is perpendicular to and C =^ dooP is an Euclidean circle on 5^ . We also 
say that P is asymptotic to C. 

Suppose that G is a subgroup of Mob(B^) that leaves a geodesic 7 C B^ point- 
wise fixed. We call G the spherical group of B^ and 7 the rotation axis of G. A 
surface in B^ invariant under G is called a spherical surface or a surface of revolu- 
tion. For two circles Ci and C2 in B^, if there is a geodesic 7, such that each of Ci 
and C2 is invariant under the group of rotations that fixes 7 pointwise, then Ci and 
C2 are said to be coaxial, and 7 is called the rotation axis of Ci and C2. 

If Ci and C2 are two disjoint circles on 5^ , then they are always coaxial. In fact, 
there always exists a unique geodesic 7 such that 7 is perpendicular to both Pi and 
P2. Then Ci and C2 are coaxial with respect to 7. 

In |[20l . we construct quasi -Fuchsian 3-manifolds which contain arbitrarily many 
incompressible minimal surface by using spherical minimal catenoids as the bar- 
rier surfaces, so we want to know whether there exists a minimal spherical catenoid 
asymptotic to any given pair of circles on 5^ . In order to answer this question, at 
first we need define the distance between two circles on 5^. Let Ci and C2 are two 
disjoint circles on S't and let Pi and P2 be geodesic planes asymptotic to Ci and C2 
respectively. Then the distance between Ci and C2 is given by 



here dist(-, •) is the hyperbolic distance on B^. 

In this paper, we follow Hsiang's idea to describe the spherical catenoids in B^ 
(JU [HI). Suppose that G is the spherical group of B^ along the geodesic Jo = 
{(m,0,0) eB^ I -1<M< 1}, then BVG^B2_, here 



For any point = (m,v) G B^ , there is a unique geodesic segment / passing 
through p that is perpendicular to 70 at q. Let x = dist(0,^) and y = dist{p,q) = 
dist(/7, 7o), then by [2, Theorem 7.1 1.2], we have 



(2.1) 



d^x=xnsl 



(2.2) 



^/L(Cl,C2)=dist(Pi,P2 



(2.3) 



B^ ={(m,v) eB^ I v^O} . 



2v 



(2.4) 



tanh^; = 



1 + (m2+v2) 



and sinh)' 



1-(m2+v2) ■ 
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Equivalently, we also have 

sinhxcoshj , sinhj 

(2.5) u = ; ; — and ■ 



1 + coshA;cosh J 1 + coshA:cosh j 

Thus can be equipped with a metric of warped product in terms of the parame- 
ters X and y 

(2.6) ds = cosh y-dx +dy . 

If n is a minimal surface of revolution in with respect to the axis 70 (or the 
M-axis), then the curve a = IT n is called the generating curve of 11. 

Suppose that a is given by the parametric equations: x = x{s) and y = y{s), 
here s G (—00,00) is an arc length parameter of o. By the discussion in lUTl pp. 
486^88], the curve a satisfies the following equations 

27rsinhj • cosh^y 

(2.7) — -j^^^=^^^= = Ik sinhy • coshy • sm a = A: (constant) , 



cosh 3^+ (/)2 

here y' = dy/ dx and a is the angle between the tangent vector of o and the vector 
ey = d / dy at the point {x{s),y{s)) . 

By the discussion in [10, pp.54-58]), the curve a is only symmetric about the y- 
axis up to isometrics and intersects the j^-axis orthogonally at yo = j(0), so ^'(0) = 
0. Substitute these to ( I2.7K we get k = 27rsinh(yo)cosh(yo)- Then we get 

sinh(yo)cosh(3;o) sinh(2yo) 
sinh(j)cosh(y) sinh(23') 

Now solve X in terms of y from (12.71 ) and take the definite integral from yo to y for 
any j ^ jo> we have 

(2.9) x{y) -- 



*' sinh(2_yo) dy 



Let J — )• 00, we get 
(2.10) ;c(oo) 



'^"'^^ ^sinh2(2)0^smh2(2yo) 
' sinh(2yo) dy 



yo 



./sinh2(23;)-sinh2(23;o) 



which is exactly equal to ^ '^l(Ci ,C2), here Ci U C2 = ^ooH. 

Now replace yo by a parameter A G [0, 00). Let Ox be the catenary given by (12.91 ) 
and let n;^ be the minimal surface of revolution along the axis 70 whose generating 
curve is the catenary Ox ■ Next we define a definite integral as follows 

sinh(2A) dt 



(2.11) do{X)= r 



cosh? / • , 2^1. \ ■ ull 



'sinh^(20-sinh^(2A) 
Gomes proved the following theorem (see |[lOl Proposition 3.2]). 
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Theorem 2.1 (Gomes). do{0) = 0, and as A increases dQ{X) increases monoton- 
ically, reaches a maximum, then decreases asymptotically to zero as A goes to 
infinity. 

Corollary 2.2. There exists a finite constant Dq > such that for two disjoint cir- 
cles Ci,C2 C S^, if di{Ci,C2) ^ A)> then there exist a spherical minimal catenoid 
n which is asymptotic to C\ U C2. 

Remark 2. By our estimate in (I4.2I ). Do < 7i/2. According to the numerical com- 
putation by Berard and Sa Earp, d^ achieves its maximum 0.501143 when X ^ 
0.4955 (see (H § 7.3.4]), so Do ^ 1.0022. 

By Theorem 12. 1[ we may expect that there exists a constant A^/ > such that all 
catenaries Ox intersect each other if A < A^ and all catenaries Ox locally foliate the 
semi-disk if A > A^. In fact, with the help of numerical computation, Berard 
and S a Earp could prove the following results (see |]4l Theorem 4.7 and Proposition 
4.8] and [3. § 7.3.4]). 

Theorem 2.3 (Berard and Sa Earp). Let Ox be the catenary given by ( 12.91 ) and let 
Tlx be the minimal surface of revolution along the axis 70 whose generating curve 
is the catenary Ox- Let Aj ~ 0.4955. 

(1) All catenoids Tlx have index \ if X £ (0,Arf), and all catenoids Tlx '^^^ 
stable ifX € [Ad,°°)- 

(2) When Ylx has index 1, there exists x{X) > such that the compact sub- 
set '^x{X) of^l between two planes P(zizx{X)) is a maximal weakly sta- 
ble region, here P{zizx{X)) are two planes that pass through the points 
(ibtanh(x(A)/2),0,0) respectively and that are both perpendicular to the 
u-axis. 

(3) For Ai,A2 G (0,A(/), the catenaries Oxi and Ox^ intersect exactly at two 
points. Furthermore, the family \Jlx}o<X<Ai, envelope such that 
the points at which Ylx touches the envelope correspond to the maximal 
stable domain ^x(xy 

(4) All catenaries {Ox^x>Aj locally foliate the semi-disk B^. 

Corollary 2.4. For any two disjoint round circles C\ and C2 on 5^, if dtiCijCj) < 
Dq, there exist two catenoids Ylxi cmd Ylx^ that have the same asymptotic boundary 
Ci U C2, here Ai and A2 are positive numbers satisfying X{ < \i < X2 and 

<io(Ai) =<io(A2) = ^dL{Ci,C2) . 

Furthermore, for each X G (0,Ai), the catenaries Ox and Ox^ intersect exactly at 
two points. 

On the other hand, we also have the uniqueness of catenoids in the sense of 
following theorem that was proved by Levitt and Rosenberg (see [12. Theorem 
3.2] and (H Theorem 3]). 
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Theorem 2.5 (Levitt and Rosenberg). Let C\ and C2 be two disjoint round circles 
on 5^ and let Yl be a connected minimal surface immersed in with dooH = 
Ci U C2. Then Tl is a spherical catenoid. 

3. Least area minimal catenoids 

In this section, we will prove Theorem IL2I At first, we need an estimate which 
is crucial for proving Theorem 11.21 

Lemma 3.1. For all real numbers A > 0, consider the functions 

r i sinh(20 , 

(3.1) /(A)= / sinh? —= ^ ' 1 I dt 

■'^ \ysinh2(2f)-sinh2(2A) 

and g{X) = cosh A — 1, then we have the following results: 

(1) /(A) is well defined for each fixed A G (0,oo). 

(2) /(A) < g{X)for sufficiently large A. 

Proof. (1) Using the substitution f — )• f + A, we have 

(3.2) /(A) = rsinh(. + A) ( , ^MUt + X)) 

V Jsinh2(2(? + A))-sinh2(2A) ' 



(3.3) K= / ' ^ ( ^== -l]dx 



We will prove that /(A) < Kco^hX, where 

t-i— 

is a constant between and 1. 

Let 0(f,A) = J^i"h(2^+2A) jj^gj^ f^j. ^^gj ^ ^ TQ N jj,^ 

verify that 0(f, A) is increasing on [0,t») with respect to A. So we have the estimate 

.X sinh(2f + 2A) 

0(?,A) ^ lim ^ ' 



sinh2(2f + 2A)-sinh2(2A) 
sinh(2?) + cosh(2f) _ _ 1 



V^(sinh (20+ cosh (20)2-1 Ve^f - 1 Vl-e-^' ' 

Besides, sinh(f + A) < (sinh? + cosh?)coshA = e'coshA, therefore we have the 
following estimate 

/(A)<coshAj;^'(-^-l)^. 

= coshA / e' ( , ^ =-\\dt 

Jo y^l-e-'^' J 

= cosh A / ( —;^^= — l] dx (t^x = e^') 
Jo \^/Y^ J 
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Since + 1 ^ 1 , we have 

(3.4) K= \( ^ ^ -l]dx< \( -\]dx = \ , 

Jo \Vl^ J Jo \VT^ J 

here we use the substitution x — )• sinjc to evaluate the second integral in (I3.4I ). 
(2) By the above estimate, we have /(A) < cosh A for any A G [0,oo). Let 

(3.5) Ao = cosh"' 



then/(A) <g(A) if A ^ Ao. □ 

Remark 3. The function /(A) in (13.11 ) has its geometric meaning: 2nf{X) is the 
difference of the infinite area of one half of the catenoid 11;^ that of the annulus 

^={(0,v,w) gB^ I tanh(A/2) ^ Vv2 + w2 < 1}. 



Remark 4. The first definite integral in (I3.4l i is an elliptic integral. By the numerical 
computation, K ^ 0.40093, and Aq ^ 1.10055. 

We need the coarea formula that will be used in the proof of Theorem 11.21 The 
proof of (13.61 ) in Lemma lJ!2] is very easy, which can be found in |[l9l . 

Lemma 3.2 (Calegari and Gabai [jSj § 1]). Suppose Z is a surface in the hyperbolic 
3-space B^. Let j CM^ be a geodesic, for any point q GT., define d{q) to be the 
angle between the tangent space to £ at q, and the radial geodesic that is through 
q {emanating from y) and is perpendicular to y. Then 

(3.6) Area(rn^(7))= / / -^dldt , 

Jo Ji.r\d,A{Y) cos d 

here ^s{y) the hyperbolic s-neighborhood of the geodesic y. 

Proof of Theorem ll.2[ At first, we will prove that some special compact domains 
of ^c least ai^ea if A is sufficiently large. Suppose that ^c^n;^ = Ci UC2, and let 
Pi be the geodesic plane asymptotic to C,- (/ = 1,2). Let be the generating curve 
of the catenoid n;^, then is perpendicular to the asymptotic boundary of B^. 

For X E (— fifo(A),<io(A)), let P{x) be the geodesic plane perpendicular to the 
M-axis such that dist(C?,P(x)) = \x\. Now let 

(3.7) £= U (U^^nPix)) , 

for some <xi < <io(A). Let 5Z = C+ UC_. Note that C+ and C_ are coaxial with 
respect to the w-axis or 70. 

Claim 1. Area(r) < Area(P+) + Area(P_), here P± are the compact subdomains 
ofP{±xi) that are bounded by C± respectively. 

Proof. Recall that P± are two (totally) geodesic disks with hyperbolic radius yi , so 
the area of P± is given by 

(3.8) Area(/'+) = Area(P_) = 47rsinh2 = 27r(coshji - 1) , 
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here (xi,ji) G satisfies tiie equation ( I2.9I) . 

Recall that Area(r) = Area(m (70)), by the co-area formula we have 



and g(A) = coshA — 1. By Lemma \3J[ /(A) < g{?i) for all A ^ Aq. So for any 

yi G (A, 00) we have 



Claim 2. There is no minimal annulus with the same boundary as that ofL which 
has smaller area than that ofL. 

Proof. Let Q. be the subregion of bounded by P{—xq) and P{xq), and let T;^ be 
the simply connected subregion of bounded by . 

Assume that £' is a least area annulus with the same boundary as that of £, and 
Area(r') < Area(r). Since U is a least area annulus, it must be a minimal surface. 
By lUSl Theorem 5] and [16, Theorem 1], U must be contained in Q., otherwise we 
can use cutting and pasting technique to get a minimal surface contained in Q. that 
has smaller area. Furthermore, recall that {n;^};^^^^ locally foliate Q. C B^, here 
Arf PS 0.4955 is given by Theorem 12. 31 therefore £' must be contained in T;^ by 
the Maximum Principle. It's easy to verify that the boundary of T;^ n is given by 

Now we claim that £' is symmetric about any geodesic plane that passes through 
the M-axis, i.e., £' is a surface of revolution. Otherwise, using the reflection along 
the geodesic planes that pass through the M-axis, we can find another annulus £" 
with dll' = dU such that either Area(£") < Area(r') or £" contains /o/J/n^ curves 
(see 1.15. pp. 418^19]) so that we can find smaller area annulus by the discussion 
in lITSl pp. 418^19]. Similarly, Z' is symmetric about the vw-plane. 

Now let o' = Z'nB^, then o' satisfies the equations (I2.7I ). which may imply that 
£' is a compact subdomain of some catenoid Ylxi. Obviously Ylxi r\Ylx = C+ UC_. 

Since £' C T;^ n Q., we have A' < A. By Theorem |23] and the numerical compu- 
tation ^/o('^o) < dQ{K\), here Ai ^ 0.46288 is the constant given by Seo in fisll . so 




here the angle a is given by (12.81 ). Consider the functions 





and then Area(r) < Area(P+) + Area(P_). 



□ 
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we have A' < Ai, which imphes that 11;^' is unstable. Besides, according to The- 
orem |231 r' is also unstable, so it couldn't be a least area minimal surface unless 
£' = £. Therefore any compact annulus of the form (I3.71 i is a least area minimal 
surface. □ 

Now let S be any compact domain of > then we always can find a compact 
annulus £ of the form (13.71 ) such that 5 C T. If 5 is not a least area minimal surface, 
then we can use the cutting and pasting technique to show that £ is not a least area 
minimal surface. This is contradicted to the above discussion. 

Therefore, is least area if A is sufficiently large. □ 

Remark 5. In the proof of Claim 2 in Theorem 11.21 if £' is an annulus type minimal 
surface but it is not a least area minimal surface, then it might not be a surface of 
revolution (see ||13i p. 234]). 

4. Remarks on Theorem 12. II 

In flOl, Gomes didn't prove Theorem 12. 1 1 in detail. It is worth giving a proof 
here (with the help of numerical computation). 

Lemma 4.1. Le?0(?,A) = \/5 cosh(f + A) — cosh(f + 3A) be a function defined on 
[0,oo) X [0,°°), then there exists < A3 < A4 such that , X) > if X ^ and 
0(-,A) ^Oj/A ^A4. 

Proof. It's easy to verify the function 

(4. 1) h{X) = ^gQsh(^)-gQsh(3A) 

sinh (3 A ) — 1/5 sinh ( A ) 

is a decreasing function on [0,oo). 

At first, (/>(•, A) > is equivalent toh{X) > tanht. Since tanhf < 1 and tanhf — )• 1 
as f — )• 00, we need to solve h{X) ^ 1. Let A3 be the solution of the equation 
h{A.) = 1, i.e. A3 « 0.402359, then A) > if A ^ A3. 

Secondly, 0(-,A) ^ is equivalent to h{X) ^ tanhf. Since tanh(O) = 0, we 
need solve h{X) ^ 0. Let A4 be the solution of -v/5 cosh(A) — cosh(3A) = 0, i.e. 
A4WO.53O68, then0(-,A) ^Oif A ^A4. □ 

Proof of Theorem 12.1 [ It's easy to show <io (A ) — )■ as A — 00. In fact, using the 
substitution f — )■ f + A , we have 



sinh(2A) dt 
cosh(f + A) ^sinh2(2? + 2A)-sinh2(2A) 
1 dt 



< 



cosh(r + A) // sinh(2^ + 2A) \^ 
Y V sinh (2 A) 
' 1 dt 
cosh A y/(sinh(2?) +cosh(2?))2 - 1 
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Since sinh(2f) + cosh(2f) = e^', we have 

(4.2) doa)< -/ , dt = 

cosh A Jq V^^mj cosh A Jo Vl^^e^ cosh A 4 

Since <io(0) = and — )■ as A — )■ oo, it must have a maximum value. 

Next we will prove that d'^ has a unique zero G (0, °°), and so has a unique 
maximum in (0,oo). It's easy to verify that 

(43) ^ rsinh(. + A)(5cosh^(. + A)-cosh^(. + 3A)) 



cosh^ + A ) Y^sinh(2?)ysinh^ (2f + 4A ) 

By Lemma 1411 4, (A) > on (0,A3) and i/o(A) < on (A4,oo), therefore do{^) is 
increasing on (0,A3) and decreasing on (A4,oo). 

Now we need to prove that d^ has a unique zero G (A3,A4). Let 

sinh(f + A)(5cosh2(f + A)-cosh2(f + 3A)) 

(4.4) h{t,X)- 



then 



cosh^ (f + A ) Y^sinh(2f) J sinh^ (2? + 4A ) 



(4.5) |^(.,A)- 



16 cosh^ (f + A ) ysinh(20 A/sinh^ (2f + 4A ) 



where 



r , A ) = 76 sinh (2 A ) - 22 sinh (2?) + 29 sinh (2f + 4A ) 
(4.6) + sin(2f + 8A) - 26sinh(4f + 6A) - 6sinh(4f + lOA) 

-25sinh(6f + 8A) + sinh(6f + 12A) . 



Let 

(4.7) 

and 



wi(A) = r(0,A) =8sinh(2A)cosh2(A)-(15-8cosh(2A) 
- 8 cosh (4A ) - 8 cosh (6 A ) + cosh (8 A ) ) , 



(4.8) W2(A) = lim ^.^[''^) , = exp(12A) -25exp(8A) . 

sinh(6?j 

Let A5 = ^logS « 0.804719 be the zero of h'2(A), then both wi and W2 are neg- 
ative if ^ A < A5, which can imply r{t,X) < for all (f,A) G [0,oo) x [OjAj). 
Therefore J^'(A) < for all A G (0,A5). 

Recall A3 < A4 < A5, so dQ{X) is decreasing on [A3,A4]. Since <io(^3) > and 
d'Q{A4) < 0, d'f){?i) has exactly one zero A^ G (A3,A4) C [0,°°), here A^ 0.4955 
is the constant given by Berard and Sa Earp. □ 
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